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E.,4,'. l",,.d l.xtilntc fi,, .\',_,:hm S/.,h',.; ,n.l l)ct.r,tme_d .f Physics,

I'.it'< r_il,.l .] Chi,:,_g.. t'l,;,,.jn, llEmfis

It i> :-_1. rnlly .grvvd that mcch:mh'.l n.>ti.ll.'_ gcnerntcd in the heat,

t,ll_ill(, ix,lHt,>ullluii I_b" tilt; COlV<(!(ytixc ztHlu ht,nt,:tth the photosldlere are

rr:l_.n.-H_h' f.r lhr hi'riling of ihe .-.olnr rhr_m_o>phere nml corona. There

:m' :ux'ulal too, it's goneratt'd in the eon\_,(,tix'e zone which ave capable

_)flU'.l.i,4:_thnlinto the solar coronn, :lll_i [}II'l'I';ll't' ,b("C('I'_l] IllCC}I'IIIiSIIIS

(_]_t'l':tlix't' in the coron:l to di_sip:tte those i_l.tions nml _um, r'tte the

m,_.(,>::,ly lw.it. Tl., lh:i l.'Ul<_g./ing mud<' t_> 1.. dh-r:i.-:-<',l in this con-

i.,_,li_n ,-_,um,_ to have I_t,rn _[l_: hydromagnctic w:tvc i l). The objec-

li_m :it lir,--t xvn_ th:lt no ,li_!U:dim_ mc_,h:mi>m wn_ 1.mnvn. More re-

r_.nllv il ]_:_s}>_'un.q.nvn lh.! hydr.n_:_gnt, tic u.v,- ,,,.ill,q_,.pen into

.h.ck._ :tl.t ,li.-:il_:tte (:ue, fro" inst:mce, ()stcrhrot, k, l) _-',tli._f:tctorily.

The lwxt iHu, h' to be c_m:idered was the acou.-tica] nm,h' t3, _t), which

di,_:il).h'd in the eln'omO._l_hcrc :rod corona bccan._e of th_ tendency to

._t_'el)('n lilt. ,-liocl<s (5, 0'). The tltird mode to be con.-i_hq'c.(1 was tim

intern:d grnvity wave, _uggc.-icd by Ilincs (7). l_t,ceut work I)y Whit-

:lkur (S) _hows th:l( _hc convcctive _tahili W of the l)hoto,_pheric layers

into which t},e gr:_i'_lt's ('xtrn,l i._ sm'h that the Ul)l)er portions of the

_ranult,s mu,-L h(, l:.':4vly gravity wav(,s, imldying that the generation

_,f zzr:nity w:tv(,s hy the gr:tnuh'.-: has .n (.mcien(.y of the order of 0.5.

l'_ing the rccunt gramllc ,-tu,lies of B:thng and Srhw:trzschihl (9),

\_hil:ll-:t'r has _h_lwn flit" grit'<hy w ires :lccount flu' ih(, million degree

._lll:ir rlirllll;i. The dis_ilmlion i>f the gr:l','ity ',,.:l,.'e,s ],s l)rh_ciliaily

lhr_m?.h lhuriiuil con_luciivily, :. llu.y _li,_._ip:tte in:ihlly hi the coroim.

'1"1., c:lh.nl:illons also sh(nv th:ii _niiy the high fi'_,qilunoy end of {,lie

nu_ni>lic:d w;l,,'t, ._j)uctrulii froin lll_, _r:lnult,._ o:in i_<,nell',ilo through the

ill_Hl' .-t:lhh' ] 13ci'_ _iIJOVt' ihe l_}ioto.<lilici'c_ >ulzW >ihig Ill;t{ .Icou_{ical

',\;i'<us ill:iV }it, i'_,l:ltivt,I)" lili]lill)llrl:llil_ nlill ilio rlll'OlilO_jilloro nl:ly bo
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heated largely by tl)ermal coMuetion downwaM from the base of the

corona.

Yin-tlly we should like to point out a mechanism for coronal heating

which, though certainly not tile principal source, is nonetheless not a

trivial one and seen_ so far to have been generally overlooked: The

hclium ions in a x_¢tl stirred corona may contribute a significant

amount of beating a-_a consequence of settling downwm'd through the

hydrogen. The rema_der of tiffs paper is devoted to this topic.

The discussion begins with a consideration of the hydrostatic equi-

librium of an atmosl_hcre comi)oscd of more than one kind of ion. This

question was considered many years ago by Pannckoek (I0), Milne

(II), Rosscland (12!), and Fowler (13) in connection with the struc°

turc of stellar atmo.-.$hcrcs. Wc would like to reopen the discussion with

particular attention _o conditions in the solar corona, eml)hasizing the

rapid tendency tou_trd stratification of ionic species with different

charge to mass rati¢ in the absence of sufficiently vigorous stirring."

The discussion of _t_atifit.d hydrostatic equilibrium serves as a start-

ing point for discus.-_on of coronal heating by helium drift.

Consider an atmosphere composed of n distinct ion species, with in-

dividual charge Z,e _ad ma_ A,M(i = 1,2," • • n). The equilibrium dis-
tribution of these ions is independent of any neutral atoms which may

l,c present. We rt._-tdct the calculations to the simple case of an iso-

thermal atmosphere. Generalization to more general circumstances is

straightfol_vard, hue comi)utationally rather more complex. We repre-

sent distance meas_ed upward in the gravitational field by s, denot-

ing the downward %ravitalional acceleration by g(s). Denoting the

nmnber of ions per _mit volume for the i'th species by N, it foIIows that

the electron density .¥, is

x, z,N, O)

where the symbol _ implies sumnmtion from 1 to n. It follows from

the Bo]tzmann equation that

I dN_ A,M.q(s_ _ eE(s)
N, ds - kT 4- Z, _lc:/" (2)

• Aller nnd Clmpman (1D have rcccnlly discus_d tl)c consequent reduction of

fl_e abundance of l)eavy elemcnis in tI_e solar aimosl)bere. It has been pointed out

io us by :Dr. A. J. Des,41rr that ._n inieresling .qpplicalion el ibis stratification gas

been made recently to _he _eparation of O" _nd It" ions in ll)e outer terresirial

atmosphere by Mange (_).

i
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CO.MMENTS ON CORONAL HEATING 13

1 dN, rag(s) eE(s) (3)
N, ds kT kT

for hydrost.die equi]ibrimn. The electric field E(s) is the result of a

very ._light electron-ion separalion (.xX/.\'_ = 0[ (Mg/e)2/NkT] and

is taken to be positive in tile upward dirt.etion. In tile solution of (3)

we shall drop the electron mass m. The reader n)ay carry it along if he
wishes, I)ut it contributes nothing of intere.-t to the end result.

Solution of Eqs. (1-3) is easily reduced to solution of a polynomial

in N_. We multil)ly (311 by Z, and add to (2), thereby elin]inating E(s).
The equation may 1)e integrated to give .V,(s) in terms of.V_(s),

..... z'
x.(,) = j e×p[-A,h(,)], (4)

where h (s) is the height s moasm'ed in units of the basic se'de height

kT/ia(s),

f. kT

On the other hand, instead of integrating the result, we may instead

multiply by Zj and subtract from the same equation with i and j inter-

changed, which can then be integrated to give

[.v,(,)7 I-N/ )7
_j exp A,Zjh(s) = LNA0)J exp AjZ,h(s). (5)

Using (1) to express .V_(s) in terms of .Vi(s), and (5) to express Ni(lt)

in terms of the density of one specific ion species .V,,(s) we obtain

from (4), with i = a,

_, Z_N,(O) = LN.(O)J Z,

z v  o rN.(s)l z'/z" A.Zi -- A,Z,. h(s), (6)

which is a polynomial in [N,,(s)/Ar,,(O)]l/z,_ of a degree equal to the

maximum Z_ plus one, say Z, + 1. The expression may also be viewed
as a polynomial in exp h (s). If hydrogen is a constituent it is probably

convenient to choose it as the reference ion, so that Zo = ,4_ = 1.

To illustrate the separate concentration of different ionic species,

consider an atmosphere composed only of hydrogen and helium. Then

if .V_ is the hydrogen density and .'x'2 the helium density, we have

Zl = ,41 = 1, Z2 = 2, A2 = 4. Then (6) may be written
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whcrc

and

4' exp [- 2(h - hc)] - 2 e_p [- (h - h_)] + 4' = 0 (7)

.v,(._) _ N + 2.V.,.(O)/N,(O)]'_4 (8)
X,(O) 2":_[N2(O)/N,(O)] '/"

1
h, = -_ In {2[N2(O)/N,(O)]'.[1 + 2N:(0)/N,(0)]}. (9)

We see that (7) is a cubic in Nl(s) or a quadratic in exp [-(h - he)].

It is easiest to solve for exp [-(h - h_)],

1 4s),/, }
exp [-(h - hc)] = t--i {1 4- (1 - . (10)

We require that/_ ---+0 as h ---, +_ so that above (i.e. h > h_) the branch

point (h = ho// = 1) the 4- must be minus. The maxinmm value of $ is

one, attained at the branch point. As h --+ -00, the left-hand side of

(10) is real mad positive, and becomes large without bound. In order

that the right-hand side do likewise, it is necessary that 4 --+ 0 and 4- be

plus. Altogether, then we nmst choose =t=as mimm when h > h, and 4-

as plus when h < h_. The critical height h(s) = h, is above s = 0 if

N=(0) > N_(0)/2 and below if .V=(0) < N,(0)/2.

The helium density may be written from (5) as

= 4' exp -- 2(h - h,) (11)
where

N_(s) [1 + 2N2(0)/N,(0)]'! t
N2(O)- 2s:S[N,(O)/N,(O)] _t_ _" (12)

A consideration of the asymptotic relations is instructive. Highin

the atmosphere (h- h_ >> 1) (10) and (11) yield

[' ]4_'_2'/'exp -_(h-h_) , f_2exp[-3(h-h,)].

The atmosphere is essentially pure hydrogen with the conventional

scale height 2kT/Mg. The lmliu,n is dropping off much more rapidly

than the normal 3kT/4Mg scale height. Deep in the atmosl)here (h -
hc,_ --1)

] [' ],_2 'nexp (h-h,) , _'_2 -mexp -_(h - h_) •

The atmosphere is essentially lmre helium with the normal .-talc height

3kT/4Mg. The slight hydrogen contamination is increasing upward at

a very slow rate corresponding to a scale height -3kT/Mg.
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The hydrogen and heliunl densities, _ and _, are plotted in Fig. 1

along with the asymptotic curves. We see that the ionized hydrogen

es_<.ntially floats on top of tile ionized helium atmosl_bere. The hydro-

geta (Icnsity decreases rapidly (exponentially) in th(: ,lownward direc-

tion below the critical level h = h_, and the helium cttts off in the up-

I I '{ I I ] i I I I I I
,o,ooo - ,,,_ -I

I000 --__]"o,_ _N

_ _
'°° 'N

I

o.oi - \ "_,"o._ _

o.oot I , I l I I I t t I "1" "
-6 -s -4 -3 -z -t o _ 2 3 4 5 6

h-lh

Fxc. 1. Plot of the hydrogen and helium densities as a ft, n,.tion of scaled height
h(s) --h, in an isothermal ionized hydrogen-helium atmosphere. The asymptotic
densities arc shown by the broken lines.

ward direction above h = h_ with a scale height much shorter than in

the normal ionized helium atmosphere below h = h_. This is in shar I)

contrast to an atmo._phere of neutral hydrogen and helium, where both

constituents increase exponentially downward with unvarying scale
heights.

For convenience choo_ the origin of the coordit,ates so that s = 0

at the critical level h = h,. if this is done, theH _ = Nl(s)/Nt(O),

Nz(O) = _Nt(0), and h_ = 0. The density N,(0) at. the critical level is

easily related to the total mass of hydrogen in a c,_htmn of unit cross-

section extetl(ling from s = -z to s = +:¢. For instance, if g(s) may

."
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Flc,. 2. Plot of f_'dh L fA'dh L and the number ratlo mn/ml,, as a fm_ction of

sealed height for .m ionized hydrogen-helium atmosphere. The two integral quan-

tiiies refer to the vertical _ale on the left-hand side, whereas the number ratio

refers 1o lhe wa]e on the right.

l:c _aken as uniform with height over the region containing most of the
hydrogen, lhon we define

]"Ml,(s) =- ds Ni(s) - kTNl(O) dh li,
Mg

f. IM,,,,(s) - ,Is .\':(s) = kT.V,(O), dh t.
2Mg
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It is readily shown by numerical integration that the total hydrogen

number per unit area is

Mn(- _ ) = 6.3kTNt(O)/Mg.

In rig. 2 we plot f" ah _ and _" dh _ for intermediate values of h. To

demonstrate the extent to which the hydrogen floats above the helittm

we have plotted Ml_(s)/M,¢(s). We find that 0.42 of the total hydrogc,_
is above h = h, = O, and 0.65 is above the level h = -1.55 at which

M. = M.°.

The most obvious consequence of the tendency of the different ionic

species in a stellar atmosphere to stratify is the eoml)lieation which
such stratification would introduce into interpretation of the emission

and absorption spectrum of the atmosphere.

Suppose, on the other hand, that a temmus stellar atmosphere, such

as the solar corona, is not sufficiently quiet as to allow the separation

of ionic species. Then the eontimml settling of helium through the

background hydrogen would result in a very large amount of coronal

heating. To demonstrate the importance of this heating in the solar

eorona if the corona is sufficiently well stirred--and its ionic stratifica-

tion if it is not- suppose that we suddenly invert a large block of
eoronal material so that there are more heavy ions at high altitude

than would result from eq,_tilibrium. Following inversion, the elevated

heavy ions drift downward through the background of hydrogen with

a mean velocity (v)_ .i(_]g)to where g is the gravitational accelera-

tion ° and to is the mean free time.between deflecting collisions. At

each collision, gravitational energy of the falling heavy ion is trans-

ferl'c(t to the background hydrogen, producing a heating of NAMg (v)

ergs/enr _. Presumably helium is the dominant heavy ion, so that A = 4

and N = N.,. To judge the relative importance of this heating we com-

pare it with the principal radiative loss, free-frce emission from hydro-

gen (assuming that helium is no more abundant than ahout 0.3 N_)

which is 1.4 × 10 --"r NI-" T 1/-" ergs/cm3see (Spitzer, 16). We have (16)

to _ 7 × 10 -63 w'_/Na for the deflection of fully ionized helium with

a thermal velocity w in a hydrogen background of density N, (at co-
ronal temperatures so that In A _ 20). At the solar l)hotosphere g

2.7 × 10* era/see-"; at an altitude of 3 × 10 _ km above the photosphere,

g _ 1.3 × 10_ cm/sec_: We employ the nominal vahle g = 2 X 10'

• The effective gravitational acceleration of lie'* in a hydrogen atmosphere is

39/4, as discussed in the next section.
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hydrogen atmosphere falls downward with an acccler, tion 3g/4. Note

however that if ZfA > (I + Z')/'A', then _ is positive and tile ion will

"fall" upward with acceleration ,ig(s). Such an ion is ejected from the

stellar atmosl_here into interstellar space with a velocity at infinity

which is ,11/_"times the gravitational cseal)e velocity _,_-- [2g(a)a] '/"-
from tile IcveI at which the ion is released. Consider a hyl_othctical star

whose outer atmo._phcre is composed l_redomin:mtly of helium (17).

Then a hydrogen, atom (liffu_ing out to a radial distance a beyond
which it makes no more colli_ion_, is projected into _pace with a ve-

locity inerca.-:ing outward to 0.58t'_ at infinity. The energy of such

ejected hydrogen ions is of the order of kilovolts.

The author would like to express his gratitude to Professor Chan-

drasekhar for pointing out the references to the early work by Panne-

koek, etc. on the hyclro_tatie equilibrium of many ionic species.
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